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THE COMMUTATIVE INVERSE SEMIGROUP OF PARTIAL
ABELIAN EXTENSIONS
DIRCEU BAGIO, ANDRE´S CAN˜AS, VI´CTOR MARI´N, ANTONIO PAQUES,
AND HE´CTOR PINEDO
Abstract. This paper is a new contribution to the partial Galois theory of groups.
First, given a unital partial action αG of a finite group G on an algebra S such that S is
an αG-partial Galois extension of S
αG and a normal subgroupH of G, we prove that αG
induces a unital partial action αG/H of G/H on the subalgebra of invariants S
αH of S
such that SαH is an αG/H -partial Galois extension of S
αG . Second, assuming that G is
abelian, we construct a commutative inverse semigroup Tpar(G,R), whose elements are
equivalence classes of αG-partial abelian extensions of a commutative algebra R. We
also prove that there exists a group isomorphism between Tpar(G,R)/ρ and T (G,R),
where ρ is a congruence on Tpar(G,R) and T (G,R) is the classical Harrison group of
the G-isomorphism classes of the abelian extensions of R. It is shown that the study of
Tpar(G,R) reduces to the case where G is cyclic. The set of idempotents of Tpar(G,R)
is also investigated.
1. Introduction
In the 1960’s, M. Auslander and O. Goldman introduced in [1] the notion of Ga-
lois extension for commutative rings. After that, S. U. Chase, D. K. Harrison and A.
Rosenberg developed in [2] a Galois theory for commutative rings extending the classical
theory over fields. One of the main results in [2] is Theorem 2.3 which has two parts as
described in the sequel. Let S ⊃ R be a Galois extension of commutative rings with a
finite group G as Galois group (shortly, a G-extension of R). The first part establishes
a bijective correspondence between all the subgroups of G and the subrings of S which
are G-strong and separable as R-algebras. In the second part, it was shown that if H is
a normal subgroup of G then the subring SH of S of the invariants by the action of H
is a G/H-extension of R.
Given a commutative ring extension T ⊃ R and a finite group G we say that T is
an abelian G-extension of R if T is a G-extension of R and G is abelian. Given a finite
abelian group G and a commutative algebra R, D. K. Harrison constructed in [6] the
group T(G,R), which is called the Harrison group of the abelian G-extensions of R.
The elements of T(G,R) are G-isomorphism classes of abelian G-extensions of R. The
binary operation in T(G,R) is defined in the following way. Let T and T ′ be abelian
G-extensions of R. Thus, T ⊗R T
′ is an abelian (G × G)-extension of R ⊗R R ≃ R,
where the action is given by: (g, h)
(
(a ⊗ b)
)
= g(a) ⊗ h(b), for all g, h ∈ G, a ∈ T and
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b ∈ T ′. Consider the subgroup δG = {(g, g−1) : g ∈ G} of G ×G. By the second part
of Theorem 2.3 of [2], (T ⊗R T
′)δG is an abelian ((G ×G)/δG) ≃ G-extension of R and
whence its equivalence class is an element of T(G,R). Therefore, we have an operation
on T(G,R). In [6], it was proved that T(G,R) is an abelian group.
The purpose of this paper is to explore such a construction due to D. K. Harrison in
the context of partial Galois extensions. For this, we need first to extend the second
part of Theorem 2.3 of [2] to the context of partial group actions.
In [4], a Galois theory of commutative rings for partial group actions was developed.
The results proved in [4] generalize many results of [2]. Particularly, Theorem 5.1 of [4]
is the version of the first part of Theorem 2.3 of [2] in the context of partial actions.
However, a version for the second part of such a theorem was not considered in [4]. In
our first main result, which is presented below, we provide this.
Theorem 3.1. Let R,S be algebras, G a finite group, αG a unital partial action of G
on S such that S is a partial αG-extension of R and H a normal subgroup of G. Then
αG induces a unital partial action αG/H of the quotient group G/H on the subalgebra
of invariants SαH such that SαH is a partial αG/H -extension of R and
(
SαH
)αG/H = R.
The above theorem allows to reproduce the Harrison’s construction for partial ac-
tions. Given a finite abelian group G and a commutative algebra R, we consider the
set Tpar(G,R) of the G-isomorphism classes of (unital) partial abelian αG-extensions of
R. Let αG and α
′
G be unital partial actions of G on the algebras S and S
′ respectively.
Suppose that S (resp. S′) is a partial abelian αG-extension (resp. α
′
G-extension) of
R. By Proposition 2.9 of [5], αG×G = αG ⊗ α
′
G is a unital partial action of G × G on
S⊗R S
′, where α(g,h) := αg ⊗α
′
h, for all g, h ∈ G. Moreover, S ⊗R S
′ is a partial abelian
(αG ⊗ α
′
G)-extension of R ⊗R R ≃ R. Thus, by Theorem 3.1 (S ⊗R S
′)αδG is a partial
abelian α(G×G)/δG -extension of R. Hence, we have an operation on Tpar(G,R) given by
⌊S, αG⌋ ∗par ⌊S
′, α′G⌋ = ⌊(S ⊗R S
′)αδG , α(G×G)/δG⌋,
where ⌊L, θ⌋ denotes the class of G-isomorphism of a partial abelian θ-extension L of R.
We will show that ∗par is a well-defined associative operation on Tpar(G,R). In fact, we
have the following.
Theorem 5.1. Let G be a finite abelian group and R a commutative algebra. Then(
Tpar(G,R), ∗par
)
is a commutative inverse semigroup.
We shall establish a relation between Tpar(G,R) and a Harrison group. Indeed, con-
sider ⌊S, αG⌋ ∈ Tpar(G,R) and let (T, βG) be the globalization of (S, αG). By Theorem
3.3 of [4], T is a (global) G-extension of A = T βG and consequently its equivalence class
[T, βG] is an element of T(G,A). Using Theorem 4.3, we will prove that the association
⌊S, α⌋ 7→ [T, β] is a well-defined semigroup homomorphism and we have the following
result.
Theorem 5.3. Let R be an algebra, π : Tpar(G,R) → T(G,A) the semigroup homo-
morphism defined by π
(
⌊S, α⌋
)
= [T, β] and ρ = kerπ. Then, the canonical map induced
by π from Tpar(G,R)/ρ to T(G,A) is an isomorphism of groups.
Commutative inverse semigroups are strong semilattices of abelian groups. In partic-
ular, if I is a commutative inverse semigroup then I =
⋃
e∈E(I) Ie where E(I) is the
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semillatice of the idempotents of I and Ie is a group, for all e ∈ E(I). In the last section
of this paper we study the idempotents of Tpar(G,R).
The paper is organized as follows. The basic notions and results that we used through-
out the paper are presented in Section 2. In Section 3, we will prove Theorem 3.1.
Following ideas from [4], in Section 4 we study partial Galois extensions which are G-
isomorphic. In Section 5, we prove that Tpar(G,R) is a commutative inverse semigroup.
Some aspects of the structure of Tpar(G,R) are dealt with in Section 6.
Conventions. Throughout the paper, k will denote an associative and commutative
ring with identity element. All algebras are k-algebras and they are considered as-
sociative with identity element. Each algebra homomorphism is unitary, that is, it
preserves identity elements. Extensions of algebras have the same identity element. If
S and T are extensions of an algebra R then S ⊗ T means S ⊗R T . As usual, the
annihilator of a central element x of an algebra T will be denoted by ann(x), i. e.
ann(x) = {t ∈ T : tx = 0}. Similarly, if T is an algebra extension of R and x is a central
element of T then annR(x) := {r ∈ R : rx = 0}. We will denote the identity element of
a group G by 1.
2. Preliminaries
In this section we present the background that will be used in the paper. The refer-
ences used here are [3] and [4].
2.1. Partial action of groups. A partial action of a group G on a k-algebra S is a
family of pairs αG = (Sg, αg)g∈G that satisfies:
(P1) for each g ∈ G, Sg is an ideal of S and αg : Sg−1 → Sg is a k-algebra isomorphism,
(P2) S1 = S and α1 = idS ,
(P3) αg(Sg−1 ∩ Sh) = Sg ∩ Sgh, for all g, h ∈ G,
(P4) αg ◦ αh(x) = αgh(x), for all x ∈ αh−1(Sh ∩ Sg−1) and g, h ∈ G.
The partial action αG is called unital if every ideal Sg is unital, that is, there exists a
central idempotent 1g in S such that Sg = S1g. Notice that the conditions (P3) and (P4)
imply that αgh is an extension of αg ◦αh, for every g, h ∈ G. For a subgroup H of G, the
partial action αH of H on S is obtained by restriction of αG, i. e. αH = (Sh, αh)h∈H .
Sometimes, we will write (S, αG) to denote a partial action of G on S.
A partial action αG = (Sg, αg)g∈G is said global if Sg = S, for all g ∈ G. Global
actions of a group G on a k-algebra T induce, by restriction, partial actions on any
ideal S of T . Indeed, given a global action βG = (Tg, βg)g∈G of G on T we consider
the ideals Sg = S ∩ βg(S) of S and the k-algebra isomorphisms αg = βg|Sg−1 . Then
αG = (Sg, αg)g∈G is a partial action of G on S. We are interested in partial actions that
are globalizable, that is, those that can be obtained as restriction of global actions.
A globalization of a partial action αG = (Sg, αg)g∈G of a group G on a k-algebra S is a
global action βG = (Tg, βg)g∈G of G on a k-algebra T with a monomorphism ϕ : S → T
of k-algebras such that:
(G1) ϕ(S) is an ideal of T ,
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(G2) ϕ(Sg) = ϕ(S) ∩ βg(ϕ(S)), for all g ∈ G,
(G3) βg(ϕ(x)) = ϕ(αg(x)), for all x ∈ Sg−1 ,
(G4) T =
∑
g∈G βg(ϕ(S)).
If αG admits a globalization we say that α is globalizable and, in this case, its globalization
is unique, up to isomorphism. Also, Theorem 4.5 of [3] implies that unital partial actions
admit globalization. More details related to globalization can be seen in [3].
From now on we assume that G is a finite group, αG = (Sg, αg)g∈G is a unital partial
action of G on a k-algebra S such that Sg = S1g, for all g ∈ G, and βG = (Tg, βg)g∈G is a
global action of G on a k-algebra T which is the globalization of αG. In order to simplify
the notation, we assume that the injective morphism ϕ in the definition of globalization
is the inclusion map from S to T , that is, S is an ideal of T . Notice that 1S is a central
idempotent of T and S = T1S . Moreover, it was proved in [4, p.79] that
1g = βg(1S)1S , αg(s1g−1) = βg(s)1S , αg(αh(s1h−1)1g−1) = αgh(s1(gh)−1)1g,(1)
for all g, h ∈ G and s ∈ S. Let H = {h1 = 1, h2, . . . , hm} be a subgroup of G. It was
defined in [4, p.79] the map ψH : T → T by
(2) ψH(t) =
∑
1≤l≤m
∑
i1<···<il
(−1)l+1βhi1 (1S)βhi2 (1S) · · · βhil (1S)βhil (t), t ∈ T.
This map can be rewritten as
ψH(t) =
m∑
i=1
βhi(t)ei, for all t ∈ T,
where ei’s are the following idempotents of T :
(3) e1 = 1S , ei = (1T − 1S)(1T − βh2(1S)) · · · (1T − βhi−1(1S))βhi(1S), 2 ≤ i ≤ m.
Since 1S is a central idempotent of T , given 2 ≤ i ≤ m we have
βg(ei)1S = (1T − βg(1S))(1T − βgh2(1S)) · · · (1T − βghi−1(1S))βghi(1S)1S
= (1S − βg(1S)1S)(1S − βgh2(1S)1S) · · · (1S − βghi−1(1S)1S)βghi(1S)1S
(1)
= (1S − 1g)(1S − 1gh2) · · · (1S − 1ghi−1)1ghi .
Thus
(4) βg(e1)1S = 1g and βg(ei)1S =
i∏
j=2
(1S − 1ghj−1)1ghi , 2 ≤ i ≤ m.
We recall from [4] that SαG := {s ∈ S : αg(s1g−1) = s1g, for all g ∈ G} is called
the subalgebra of invariants of S under αG. If αG is global then S
αG is the classical
subalgebra of invariants, i. e. SαG = SG = {x ∈ S : αg(s) = s, for all g ∈ G}.
We shall denote by eH the image of 1S by ψH , that is,
eH = ψH(1S).
The element eH ∈ T will be useful in Section 3. Some properties of the map ψH and of
the element eH are given in the next.
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Proposition 2.1. Let H = {h1 = 1, h2, . . . , hm} be a subgroup of G and ψH : T → T
the map defined in (2). Then:
(i) ψH is a k-algebra homomorphism,
(ii) ψH is left and right T
βH -linear map,
(iii) the restriction ψH |S to S is injective,
(iv) eH is a central idempotent of T ,
(v) ψH(S
αH ) ⊂ T βH ,
(vi) the restriction of ψH to S
αH is a k-algebra isomorphism from SαH onto T βHeH
whose inverse is the multiplication by 1S. In particular T
βH1S = S
αH .
Proof. Notice that (i) is immediate because each βg, g ∈ G, is a k-algebra homomorphism
and {ei : 1 ≤ i ≤ m} is a set of orthogonal idempotents of T . Item (ii) is clear. For
(iii), take s ∈ S and observe that
ψH(s)1S =
m∑
i=1
βhi(s)ei1S = β1(s)1S = s
because ei1S = 0, for all 2 ≤ i ≤ m. Thus, (iii) follows. Since {ei : 1 ≤ i ≤ m} is a set
of central orthogonal idempotents of T and ψH(1S) = e1 + · · ·+ em, item (iv) follows.
For (v), we need to show that βh(ψH(s)) = ψH(s), for all s ∈ S
αH and h ∈ H. Thus,
it is enough to check that βh(ψH(s)) gives us a permutation of the terms that appear in
the sum of ψH(s) given in (2). First, observe that
βhi(1S)βhj (s) = βhj
(
βh−1j hi
(1S)s
)
= βhj
(
βh−1j hi
(1S)s1S
)
(1)
= βhj(1h−1j hi
s)
(⋆)
= βhj (βh−1j hi
(s)1S)
= βhi(s)βhj (1S)
(⋆⋆)
= βhj (1S)βhi(s),
where (⋆) follows because βh(s)1S
(1)
= αh(s1h−1) = s1h and (∗∗) follows using the fact
that βh(1S) is a central element of T , for all h ∈ H. Now, for 1 ≤ l ≤ n, consider
i1 < · · · < il and note that
βh(βhi1 (1S) · · · βhil−1 (1S)βhil (s)) = βhhi1 (1S) · · · βhhil−1 (1S)βhhil (s)
= βhj1 (1S) · · · βhjl−1 (1S)βhjl (s),
where hjk = hhik for all 1 ≤ k ≤ l. Since each βh(1S), h ∈ H, is a central element of T ,
we can rearrange βhj1 (1S), . . . , βhjl−1 (1S) such that j1 < · · · < jl−1. If jl−1 < jl, there is
nothing to do. Otherwise, as we showed above, βhl−1(1S)βhl(s) = βhl(1S)βhl−1(s). Thus,
βh(βhi1 (1S) · · · βhil−1 (1S)βhil (s)) appears in the sum of ψH(s) and the result follows.
Finally for (vi), notice that by (iv) and (v) we have ψH(S
αH ) = ψH(S
αH1S) ⊂ T
βHeH .
Hence, by (1), we conclude that ψH : S
αH → T βHeH is a k-algebra homomorphism. Also,
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if x ∈ T βH then
αh((x1S)1h−1) = βh((x1S)1h−1)
(1)
= βh(x1Sβh−1(1S))
= βh(x)βh(1S)1S
(1)
= x1h = (x1S)1h,
for all h ∈ H. Hence, x1S ∈ S
αH . Thus, ϕ : T βHeH → S
αH , given by ϕ(a) = a1S for
all a ∈ T βHeH , is a well-defined k-algebra homomorphism because eH1S = 1S . Clearly,
ϕ(ψH(s)) = s and ψH(ϕ(xeH )) = xeH , for all s ∈ S
αH and x ∈ T βH . 
3. Partial actions of quotient groups
From now on all algebras will be commutative. Consider an algebra R and a unital
partial action (S, αG) of G on an algebra S. According [4], S is an αG-partial Galois
extension of R (shortly, a partial αG-extension of R) if R ≃ S
αG (as k-algebras) and
there exist m ∈ N and elements xi, yi ∈ S, 1 ≤ i ≤ m, such that
m∑
i=1
xiαg(yi1g−1) = δ1,g, for each g ∈ G.
The elements xi, yi are called partial Galois coordinates of S over R. By abuse of
notation, sometimes we will write R = SαG , even when R is some isomorphic copy of
SαG .
Let S be a partial αG-extension of S
αG . From Theorem 5.1 of [4] we have a correspon-
dence between subgroups of G and certain subalgebras of S. Now we give an addendum
of this result.
Theorem 3.1. Let S be an algebra, G a finite group, αG a unital partial action of G on
S such that S is a partial αG-extension of S
αG and H a normal subgroup of G. Then
αG induces a unital partial action αG/H of the quotient group G/H on S
αH such that
SαH is a partial αG/H-extension of S
αG and
(
SαH
)αG/H = SαG .
The proof of Theorem 3.1 will be obtained as a consequence of several results which
we state and prove below. Let H be a normal subgroup of G. By [2, Theorem 2.3], the
global action βG of G on T induces a global action βG/H of G/H on T
βH in the following
way:
βG/H : G/H → Aut(T
βH ), gH 7→ βg|TβH .
Also, if T is a G-extension of T βG , then T βH is a G/H-extension of T βG = (T βH )βG/H .
On the other hand, by Proposition 2.1 (iv), T βHeH is an ideal of T
αH . Then the
action βG/H of G/H on T
βH induces, by restriction, a partial action γG/H of G/H on
T βHeH , that is, γG/H = (DgH , γgH)gH∈G/H is given by:
DgH = (T
βHeH) ∩ βg(T
βHeH) = T
βHegH , where egH := eHβg(eH),(5)
γgH = βg|Dg−1H : Dg−1H → DgH , for each gH ∈ G/H.(6)
Proposition 3.2. The pair (T βH , βG/H ) is the globalization of the partial action γG/H
given in (5) and (6).
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Proof. By construction, (G1), (G2) and (G3) of subsection 2.1 are satisfied. For (G4),
it is enough to check that T βH =
l∑
i=1
βgi(T
βHeH), where T = {g1 = 1, g2, . . . , gl} is a
transversal of H on G. Let H = {h1 = 1, h2, . . . , hm}, and write the elements of G in
the following order:
(7) G = {1, h2, . . . , hm, g2, g2h2, . . . , g2hm, . . . gl, glh2, . . . , glhm}.
We claim that βg(T
βH ) = T βH , for all g ∈ G. In fact, consider a ∈ T βH , g ∈ G and
h ∈ H. Since H is a normal subgroup of G, there is h′ ∈ H such that hg = gh′. Then
βh(βg(a)) = βhg(a) = βgh′(a) = βg(βh′(a)) = βg(a).
Thus I :=
l∑
i=1
βgi(T
βHeH) =
l∑
i=1
T βHβgi(eH) is an ideal of T
βH . It is enough to show
that 1T ∈ I. Take fH :=
m∏
j=1
(1T − βhj (1S)). It is clear that fH ∈ T
βH and whence
βg(fH) ∈ T
βH , for all g ∈ G. Denote by eij ∈ T the idempotent, constructed in (3),
associated to the (mi+j)-th element ofG by considering the order given in (7). Explicitly
eij =
∏
1≤k≤i−1
βgk(fH)(1T − βgih1(1S)) · · · (1T − βgihj−1(1S))βgihj (1S).
Notice that e1j = (1T − βh1(1S)) · · · (1T − βhj−1(1S))βhj (1S). Thus
eij =
∏
1≤k≤i−1
βgk(fH)βgi(e1j).
Since eH =
m∑
j=1
e1j it follows that
m∑
j=1
eij =
(∏
1≤k≤i−1 βgk(fH)
)
βgi(eH) ∈ I. By [4, p.79]
we have that 1T =
∑
1≤i≤l
1≤j≤m
eij ∈ I and consequently I = T
βH . 
By Proposition 3.2 we can consider a linear map ψG/H : T
βH → T βH in a similar way
as in (2). Indeed, if G/H = {g1H, . . . , gmH} then
(8) ψG/H(t) =
∑
1≤l≤m
∑
i1<···<il
(−1)l+1βgi1 (eH)βgi2 (eH) · · · βgil (eH)βgil (t), t ∈ T
βH .
Corollary 3.3. Let γG/H be the partial action of G/H on T
βHeH given by (5) and (6),
ψG/H the map given by (8) and R := (T
βHeH)
γG/H the subalgebra of invariant elements
of T βHeH . Then the following statements hold:
(i) ψG/H is a T
βG-linear homomorphism of k-algebras whose restriction to T βHeH is
injective and ψG/H(eH) = 1T = ψG(1S).
(ii) ψG/H(R) ⊂ (T
βH )βG/H = T βG.
(iii) The restriction ψG/H on R is a k-algebra isomorphism of R onto T
βG = (T βH )βG/H
with inverse given by the multiplication by eH . Particularly, T
βGeH = R.
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(iv) T βHeH is a partial γG/H-extension of R if and only if T
βH is a βG/H -extension of
T βG = (T βH )βG/H .
Proof. Items (i), (ii) and (iii) follow directly from Proposition 2.1, while item (iv) follows
from Proposition 3.2 and [4, Theorem 3.3]. 
We shall see that the partial action γG/H on T
βHeH induces a partial action αG/H of
G/H on SαH via multiplication by 1S . We set
1˜gH := egH1S = eHβg(eH)1S = βg(eH)1S ,(9)
D˜gH := DgH1S = T
βHegH1S = S
αH 1˜gH ,(10)
αgH := (m1S ◦ γgH ◦ ψH)|D˜g−1H
,(11)
where m1S : T
βHeH → S
αH is the multiplication by 1S . Notice that, for every s ∈ S
αH
and gH ∈ G/H,
αgH(s1˜g−1H) = βg(ψH(s))1˜gH = βg(ψH(s))1S .(12)
Theorem 3.4. Let H be a normal subgroup of G and αG/H :=
(
D˜gH , αgH
)
gH∈G/H
, with
D˜gH and αgH given respectively by (10) and (11). Then the following statements hold:
(i) αG/H is a partial action of G/H on S
αH .
(ii) (SαH )αG/H = SαG .
(iii) (T βH , βG/H) is the globalization of αG/H .
(iv) SαH is a partial αG/H -extension of S
αG if and only if T βH is a partial βG/H -
extension of T βG .
Proof. (i) Given g ∈ G, it is clear from (9) that 1˜gH is a central idempotent of T . We
will check that 1˜gH ∈ S
αH . Since H is a normal subgroup of G, for each h ∈ H, there
exists h′ ∈ H such that hg = gh′. Then
αh(1˜gH1h−1) = αh(βg(eH)1h−1) = βhg(eH)1h = βgh′(eH)1h.
By Proposition 2.1 (v) and (vi), eH = ψ(1S) ∈ T
βH . Thus
αh(1˜gH1h−1) = βg(βh′(eH))1h = βg(eH)1S1h = 1˜gH1h.
Hence D˜gH is an ideal of S
αH . Further, by Proposition 2.1,
(13) ψH(S
αH 1˜g−1H) = ψH(S
αH )βg−1(eH)eH = T
βHeg−1H .
Then
αgH(D˜g−1H)
(13)
= m1S ◦ γgH(T
βHeg−1H) = T
βHegH1S = S
αHβg(eH)1S
(10)
= D˜gH .
Thus αgH : D˜g−1H → D˜gH is a well-defined algebra isomorphism. Hence the condition
(P1) of subsection 2.1 is satisfied while (P2) is clear. For (P3), consider gH, lH ∈ G/H
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and note that
αgH(D˜g−1H ∩ D˜lH) = (m1S ◦ γgH ◦ ψH)(S
αH 1˜g−1H 1˜lH)
(13)
= (m1S ◦ γgH)(T
βHeg−1HelH)
(∗)
= m1S(T
βHegHelgH)
= T βHegH1ST
βHelgH1S = D˜gH ∩ D˜glH .
The equality in (∗) follows from (P3) because γG/H is a partial action. Finally, to check
(P4), take x ∈ D˜l−1H ∩ D˜(gl)−1H . Then,
αgH ◦ αlH(x) = (m1S ◦ γgH ◦ ψH) ◦ (m1S ◦ γhH ◦ ψH)(x)
= (m1S ◦ (γgH ◦ γlH) ◦ ψH)(x)
(13)
= (m1S ◦ γglH ◦ ψH)(x)
= αglH(x).
(ii) Note that 1˜g−1H ∈ S
αH . Since ψH is left T
βH -linear and βg−1(eH) ∈ T
βH , it follows
that ψH(1˜g−1H) = βg−1(eH)eH = eg−1H (the idempotents egH are defined in (5)). This
implies ψH((S
αH )αG/H ) = (ψH(S
αH ))γG/H . Indeed, let s ∈ SαH such that ψH(s) ∈
(ψH(S
αH ))γG/H . Then
αgH(s1˜g−1H)
(12)
= βg(ψH(s))1˜gH = βg(ψH(s)eg−1H)1˜gH
= γgH(ψH(s)eg−1H)1˜gH = ψH(s)egH1S = s1˜gH .
In an analogous way one shows the other inclusion. Finally we have
(SαH )αG/H
(∗)
= ψH((S
αH )αG/H )1S = (ψH(S
αH ))γG/H1S
= (T βHeH)
γG/H1S
(∗∗)
= T βGeH1S
= T βG1S = S
αG ,
where (∗) follows from Proposition 2.1 (vii) and (∗∗) follows from Corollary 3.3 (iii).
(iii) By Proposition 2.1, there exists an algebra monomorphism ψH : S
αH → T βH such
that ψH(S
αH ) = T βHeH is an ideal of T
βH , which implies (G1). Furthermore, it follows
from (13) that ψH(D˜gH ) = T
βHegH = ψH(S
αH ) ∩ βg(ψH(S
αH )) and whence (G2) is
satisfied. By (12), for each s ∈ SαH ,
ψH(αgH(s1˜g−1H)) = ψH(βg(ψH(s))1S) = βg(ψH(s))ψH(1S)
= βg(ψH(s))eH = βg(ψH(s)1˜g−1H).
Thus (G3) is verified. Using Proposition 3.2 we obtain
T βH =
∑
gH∈G/H
βgH(T
βHeH) =
∑
gH∈G/H
βgH(ψH(S
αH )),
and whence (G4) is proved.
(iv) It follows from (iii) and [4, Theorem 3.3]. 
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Proof of Theorem 3.1. By Theorem 3.4, there exists a partial action αG/H of the quotient
group G/H on SαH induced by αG. Observe that by Theorem 2.3 of [2], T
βH is a βG/H -
Galois extension of T βG . Hence, Theorem 3.4 (iv) implies that SαH is an αG/H -partial
Galois extension of Sα. 
Remark 3.5. Suppose that αG is a global action of G on S and H is a normal subgroup
of G. Then the k-algebra isomorphism ψH defined in subsection 2.1 is equal to idS .
Thus, eH = 1S . Hence the partial action αG/H constructed in (10) and (11) is the usual
global action of G/H on SH given by Theorem 2.2 of [2].
In the next proposition we characterize when the partial action αG/H of G/H on S
αH
given by (10) and (11) is global.
Proposition 3.6. Let αG/H be the partial action of G/H on S
αH given by (10) and
(11) and assume that G/H = {g1H = H, g2H, . . . , gmH}. Then αG/H is a global action
of G/H on SαH if and only if {βgi(1S) : i = 1, . . . ,m} ⊂ ann(1T − eH).
Proof. Since 1˜g−1i H
= βg−1i
(eH)1S , we have that αG/H is a global action on S
αH if and
only if βg−1i
(eH)1S = 1S for all 1 ≤ i ≤ m. Applying βgi in both sides of the last identity
we obtain that eHβgi(1S) = βgi(1S) and consequently the result follows. 
An immediate consequence of the above proposition is the following.
Corollary 3.7. If eH = 1T then the partial action αG/H of G/H on S
αH is global.
The next result describes explicitly the idempotents and the isomorphisms given in
(9) and (11) respectively. It will be useful in subsection 5.2.
Proposition 3.8. Let H = {h1 = 1, h2, . . . , hm} be a normal subgroup of G, 1˜gH given
by (9), D˜gH given by (10) and αgH given by (11). Then
(14) 1˜gH = 1g +
m∑
i=2
i∏
j=2
(1S − 1ghj−1)1ghi ,
and
(15) αgH(x) = αg(x1g−1) +
m∑
i=2
i−1∏
j=1
(1S − 1ghj )αghi(x1(ghi)−1), x ∈ D˜g−1H .
Proof. Since 1˜gH = βg(eH)1S and eH = ψH(1S) we have
1˜gH =
m∑
i=1
βghi(1S)βg(ei)1S =
m∑
i=1
βghi(1S)1Sβg(ei)1S =
m∑
i=1
1ghiβg(ei)1S
(4)
= 1g +
m∑
i=2
1ghi
i∏
j=2
(1S − 1ghj−1)1ghi = 1g +
m∑
i=2
i∏
j=2
(1S − 1ghj−1)1ghi .
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Let g ∈ G and x ∈ D˜g−1H . By (11),
αgH(x) = (m1S ◦ γgH ◦ ψH)(x) =
m∑
i=1
βghi(x)βg(ei)1S
=
m∑
i=1
αghi(x1(ghi)−1)βg(ei)1S
= αg(x1g−1) +
m∑
i=2
αghi(x1(ghi)−1)
i∏
j=2
(1S − 1ghj−1).
= αg(x1g−1) +
m∑
i=2
i−1∏
j=1
(1S − 1ghj )αghi(x1(ghi)−1).

We end this section with examples that illustrate the constructions given above.
Example 3.9. Let R be a commutative k-algebra and S := Re1 ⊕ Re2 ⊕ Re3, where
e1, e2, e3 are non-zero orthogonal idempotents and e1 + e2 + e3 = 1S . We consider the
partial action αG of the cyclic group of G = C4 = 〈g : g
4 = 1〉 of order 4 on S given in
Example 6.1 of [4]. The ideals are
Sg = Re1 ⊕Re2, Sg2 = Re1 ⊕Re3, Sg3 = Re2 ⊕Re3,
and the isomorphisms are
αg(ae2 + be3) = ae1 + be2, αg2(ae1 + be3) = ae3 + be1, αg3(ae1 + be2) = ae2 + be3,
for all a, b ∈ R. Given the subgroup H = C2 = {1, g
2} of C4, note that the quotient
group is G/H = {H, gH} ≃ C2 and S
αH = R(e1 + e3) ⊕ Re2. It is clear that (T, βG)
is the globalization of αG, where T = S ⊕ Re4 and βg(ej) = ej−1 (mod 4). From (2) it
follows that
ψH(ae1 + be2 + ce3 + de4) = ae1 + b(e2 + e4) + ce3, for all a, b, c, d ∈ R.
Hence, eH = ψH(1S) = 1T and whence 1˜gH = βg(1T )1S = 1S . Thus D˜gH = S
αH and
using (12) we conclude that αgH(a(e1 + e3) + be2) = b(e1 + e3) + ae2. In this case, G/H
acts globally on SαH .
Example 3.10. [9, Example 4.2] Let R be a commutative k-algebra and T := ⊕6i=1Rei
where {ei}
6
i=1 is a set of non-zero orthogonal idempotents whose sum is 1T . Consider
the action βG of the cyclic group G = C6 = 〈g : g
6 = 1〉 of order 6 on T given by
βgj
( 6∑
i=1
aiei
)
=
6∑
i=1
aiei+j (mod 6), ai ∈ R.
Let S := Re1 ⊕Re3 ⊕Re6 and αG = (Sg, αg)g∈G be the induced partial action of βG on
S. Explicitly
Sg = Re1, Sg2 = Re3, Sg3 = Re3 ⊕Re6, Sg4 = Re1, Sg5 = Re6,
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and αgj = βgj : Sg6−j → Sgj , for all 1 ≤ j ≤ 5. By construction, (T, βG) is the
globalization of αG. Given the subgroup H = C2 = {1, g
3} of C6, the quotient group is
G/H = {H, gH, g2H} ≃ C3 and S
αH = Re1 ⊕R(e3 + e6). From (2) it follows that
ψH
( 6∑
i=1
aiei
)
= a1(e1 + e4) + a3e3 + a6e6, for all ai ∈ R, 1 ≤ i ≤ 6.
Thus eH = ψH(1S) = e1 + e3 + e4 + e6 and consequently
1˜H = 1S , 1˜gH = βg(eH)1S = e1, 1˜g2H = βg2(eH)1S = e3 + e6.
Hence the partial action αG/H = (D˜g, αgH)gH∈G/H of G/H on S
αH is given by
D˜H = S
αH , D˜gH = Re1, D˜g2H = R(e3 + e6),
and
αH = idSαH , αgH(a(e3 + a6)) = ae1, αg2H(ae1) = a(e3 + e6), a ∈ R.
4. On G-isomorphic partial Galois extensions
In this section we introduce the notion of G-isomorphic partial αG-extensions and we
investigate its relation with G-isomorphic G-extensions given in [6].
Let αG = (Sg, αg)g∈G and α
′
G = (S
′
g, α
′
g)g∈G be partial actions of G on the commuta-
tive k-algebras S and S′ respectively. Assume that S (resp. S′) is a partial αG-extension
(resp. α′G-extension) of R ≃ S
αG (resp. R ≃ (S′)α
′
G). We say that (S, αG) and (S
′, α′G)
are partially G-isomorphic if there exists a k-algebra isomorphism f : S → S′ which is
R-linear and satisfies
f(Sg) ⊆ S
′
g and (f ◦ αg)|Sg−1 = (α
′
g ◦ f)|Sg−1 , for all g ∈ G.(16)
In this case, we will denote (S, αG)
par
∼ (S′, α′G). Clearly
par
∼ is an equivalence relation on
the set of partial αG-extensions of R. The equivalence class of (S, αG) will be denoted
by ⌊S, αG⌋.
Remark 4.1. Notice that if f : S → S′ is a k-algebra isomorphism such that f(Sg) ⊂ S
′
g
then f(Sg) = S
′
g. Indeed, since f is surjective, given a
′
g ∈ S
′
g there exists a ∈ S such
that f(a) = a′g. Also, f(1g) = 1
′
g. Thus, a
′
g = f(a)1
′
g = f(a1g) which implies that
f(Sg) = S
′
g.
In order to prove the next result we recall from [4] the definition of the trace map.
Let αG = (Sg, αg)g∈G be a partial action of G on S and R = S
αG . The trace map
trαG : S → S is defined by
trαG(s) =
∑
g∈G
αg(s1g−1), s ∈ S.
By [4, Lemma 2.1], trαG(S) ⊂ R and trαG is a (left and right) R-linear map.
Proposition 4.2. Let (S, αG) (resp. (S
′, α′G)) be a partial αG-extension (resp. α
′
G-
extension) of R. Then (S, αG) and (S
′, α′G) are partially G-isomorphic if and only if
there exists a k-algebra homomorphism f : S → S′ which is R-linear and satisfies (16).
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Proof. Let αG = (Sg, αg)g∈G and α
′
G = (S
′
g, α
′
g)g∈G be partial actions of G on S and S
′
respectively. Assume that f : S → S′ is a k-algebra homomorphism which is R-linear
and satisfies (16). Since S is a partial αG-extension of R, consider xi, yi ∈ S, 1 ≤ i ≤ n,
the partial Galois coordinates of S over R. For each s′ ∈ S′, we have
f
( n∑
i=1
xitrα′(f(yi1g−1)s
′)
)
=
n∑
i=1
∑
g∈G
f(xi)α
′
g(f(yi1g−1))α
′
g(s
′1′g−1)
=
n∑
i=1
∑
g∈G
f(xi)(α
′
g ◦ f)(yi1g−1)α
′
g(s
′1′g−1)
=
n∑
i=1
∑
g∈G
f(xi)(f ◦ αg)(yi1g−1)α
′
g(s
′1′g−1)
=
∑
g∈G
f
( n∑
i=1
xiαg(yi1g−1)
)
α′g(s
′1′g−1)
= f(1S)s
′ = 1S′s
′ = s′,
which implies that f is surjective. Suppose that s ∈ S and f(s) = 0. Then
f(αg(yis1g−1)) = (f ◦ αg)(yis1g−1) = (α
′
g ◦ f)(yis1g−1)
= α′g(f(yi)f(s)f(1g−1)) = 0,
for all g ∈ G. Since trαG(S) ⊂ R, we have trαG(yis)1S′ = f(trαG(yis)1S). Thus,
trαG(yis) = 0, for all 1 ≤ i ≤ n. Hence,
0 =
n∑
i=1
xitrαG(yis) =
∑
g∈G
( n∑
i=1
xiαg(yi1g−1)
)
αg(s1g−1)
=
∑
g∈G
δ1,gαg(s1g−1) = s,
which proves that f is injective. 
Let (T, βG) and (T
′, β′G) be G-extensions of A ≃ T
βG ≃ (T ′)β
′
G . According to [6],
(T, βG) and (T
′, β′G) are G-isomorphic if there is an A-linear homomorphism of k-algebras
f : T → T ′ such that f◦βg = β
′
g◦f , for all g ∈ G. In this case, f is in fact an isomorphism;
more details can be seen in [6].
For our purposes, the concept of (global) G-isomorphism for globalization of partial
actions needs one more condition than the classical notion. Let (S, αG) and (S
′, α′G) be
partial actions of G such that S and S′ are, respectively, partial αG and α
′
G-extensions of
R. Let (T, βG) and (T
′, β′G) be their respective globalizations. It follows from Theorem
3.3 of [4] that T and T ′ are G-extensions of A ≃ T βG ≃ (T ′)β
′
G . In this case, we say that(
(T, βG), (S, αG)
)
and
(
(T ′, β′G), (S
′, α′G)
)
are G-isomorphic if there exists an A-linear
G-isomorphism f : T → T ′ such that f(1S) = 1S′ . We will write
(
(T, βG), (S, αG)
)
∼(
(T ′, β′G), (S
′, α′G)
)
to indicate that
(
(T, βG), (S, αG)
)
and
(
(T ′, β′G), (S
′, α′G)
)
are G-
isomorphic. Clearly ∼ is an equivalence relation.
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Let (S, αG) be a partial action of G on S and H a normal subgroup of G. As in section
3, here (SαH , αG/H) denotes the partial action of G/H on S
αH given by (10) and (11).
Theorem 4.3. Let (S, αG) and (S
′, α′G) be partial actions of G and (T, βG) and (T
′, β′G)
their respective globalizations. Assume that S and S′ are, respectively, partial αG and
α′G-extensions of R. Then the following statements are equivalent:
(i)
(
(T, βG), (S, αG)
)
∼
(
(T ′, β′G), (S
′, α′G)
)
,
(ii) (SαH , αG/H)
par
∼ ((S′)α
′
H , α′G/H), for all normal subgroup H of G,
(iii) (S, αG)
par
∼ (S′, α′G).
Proof. (i) ⇒ (ii) We suppose that H = {h1 = 1, h2, . . . , hm}, A ≃ T
βG ≃ (T ′)βG and
R ≃ SαG ≃ (S′)α
′
G . Consider an A-linear k-algebra isomorphism f : T → T ′ such that
f(1S) = 1S′ , f ◦ βg = β
′
g ◦ f, for all g ∈ G.(17)
It is easy to check that f |TβH : T
βH → (T ′)β
′
H is an A-linear k-algebra isomorphism.
By Proposition 3.2, (T βH , βG/H) is the globalization of (T
βHeH , γG/H), where γG/H is
given by (5) and (6). Observe that eH = ψH(1S) =
∑m
j=1 βhj (1S)ej , where the family
{ei}1≤i≤m is given by (3). Similarly, we have that ((T
′)β
′
H , β′G/H ) is the globalization of
((T ′)β
′
He′H , γ
′
G/H), where e
′
H =
∑m
j=1 β
′
hj
(1S′)e
′
j and
e′1 = 1S′ and e
′
j = (1T ′ − 1S′) · · · (1T ′ − β
′
hj−1(1S′))β
′
hj (1S′), 1 ≤ j ≤ m.
It follows from (17) that f(ej) = e
′
j , for all 1 ≤ j ≤ m. Thus, f(T
βHeH) = (T
′)β
′
He′H .
In particular, f(eH) = e
′
H .
We recall the partial actions αG/H and α
′
G/H of G/H on S
αH and (S′)α
′
H respectively.
They are given by (10) and (11), that is, the ideals are D˜gH = T
βHeHβg(eH)1S and
D˜′gH = (T
′)β
′
He′Hβ
′
g(e
′
H)1S′ and the partial isomorphisms are
αgH = (m1S ◦ γgH ◦ ψH)|D˜g−1H
, α′gH = (m1S′ ◦ γ
′
gH ◦ ψ
′
H)|D˜′g−1H
.
Consider the map ϕ = m1S′ ◦ f ◦ ψH : S
αH → (S′)α
′
H . By Proposition 2.1, ψH(S
αH ) ⊂
T βH . Since f(T βH ) = (T ′)β
′
H and (T ′)β
′
H1S′ = (S
′)α
′
H , it follows that ϕ is well-defined.
Clearly, ϕ is a k-algebra homomorphism. We will check that ϕ is R-linear. By item
(vi) of Proposition 2.1 we obtain SαG = T βG1S ≃ (T
′)β
′
G1S′ = (S
′)α
′
G . Hence, given
a ∈ T βG we have that a1S ∈ S
αG . Moreover there exists a unique a′ ∈ (T ′)β
′
G such that
a′1S′ ∈ (S
′)α
′
G . Then, for s ∈ SαH ,
ϕ((a1S)s) = (m1S′ ◦ f ◦ ψH)((a1S)s)
(∗)
= (m1S′ ◦ f)(aψH(1S)ψH(s))
= (m1S′ ◦ f)(aeHψH(s)) = 1S′(a
′f(eH)f(ψH(s)))
= 1S′(a
′e′Hf(ψH(s))) = (a
′1S′)(1S′e
′
H)f(ψH(s))
= (a′1S′)(1S′f(ψH(s)) = (a
′1S′)ϕ(s).
THE COMMUTATIVE INVERSE SEMIGROUP OF THE PARTIAL ABELIAN EXTENSIONS 15
The equality (∗) follows because ψH is A-linear by Proposition 2.1 (ii). Now, we check
that ϕ satisfies (16). For each g ∈ G, we have
ϕ(D˜gH )
(13)
= m1S′ ◦ f(T
βHegH) = (m1S′ ◦ f)(T
βHβg(eH)eH)
= 1S′T
′β′Hf(βg(eH))f(eH) = 1S′T
′β′Hβ′g(f(eH))e
′
H
= T ′β
′
He′Hβ
′
g(e
′
H)1S′ = D˜
′
gH .
Also, if x ∈ D˜g−1H then
(ϕ ◦ αgH)(x) = (m1S′ ◦ (f ◦ γgH) ◦ ψH)(x)
(17)
= (m1S′ ◦ (γ
′
gH ◦ f) ◦ ψH)(x)
= (m1S′ ◦ γ
′
gH ◦ id(T ′)He′H ◦f ◦ ψH)(x)
(∗)
= ((m1S′ ◦ γ
′
gH ◦ (ψ
′
H ◦m1S′ ) ◦ f ◦ ψH))(x)
= ((m1S′ ◦ γ
′
gH ◦ ψ
′
H) ◦ (m1S′ ◦ f ◦ ψH))(x)
= (α′gH ◦ ϕ)(x).
The equality (∗) follows from Proposition 2.1 (vi) because (T ′)β
′
He′H1S′ = (S
′)α
′
H and
ψ′H
(
(S′)α
′
H
)
= (T ′)β
′
He′H . By Proposition 4.2, (S
αH , αG/H ) and ((S
′)α
′
H , α′G/H) are par-
tially G/H-isomorphic.
It is clear that (ii) ⇒ (iii) follows by taking the trivial subgroup H = {1} of G. Finally,
for (iii) ⇒ (i), we consider a k-algebra isomorphism f : S → S′ satisfying (16) and
an injective homomorphism of k-algebras ϕ′ : S′ → T ′ satisfying (G1)-(G4) of § 2.1.
We claim that (T ′, β′G) is a globalization of (S, αG). In fact, consider the k-algebra
monomorphism φ = ϕ′ ◦ f : S → T ′. We shall check that φ also satisfies the conditions
(G1)-(G4). Observe that (G1) is immediate. Let g ∈ G. Using Remark 4.1, we have
that
φ(Sg) = ϕ
′(f(Sg)) = ϕ
′(S′g)
(G2)
= ϕ′(S′) ∩ β′g(ϕ
′(S′))
= (ϕ′ ◦ f)(S) ∩ (β′g ◦ ϕ
′ ◦ f)(S) = φ(S) ∩ β′g(φ(S)),
which implies that φ satisfies (G2). For (G3), notice that
(φ ◦ αg)(x) = (ϕ
′ ◦ f ◦ αg)(x) = (ϕ
′ ◦ α′g ◦ f)(x)
(G3)
= (β′g ◦ ϕ
′ ◦ f)(x) = (β′g ◦ φ)(x),
for all g ∈ G and x ∈ Sg−1 . Finally,
T ′ =
∑
g∈G
β′g(ϕ
′(S′)) =
∑
g∈G
β′g((ϕ
′ ◦ f)(S)) =
∑
g∈G
β′g(φ(S)).
Thus (T ′, β′G) is a globalization of (S, αG). Since (T, βG) is also a globalization of (S, αG),
by Theorem 4.5 of [3], the global actions (T ′, β′G) and (T, βG) are equivalent. Particularly,
A ≃ T βG ≃ (T ′)β
′
G . Also, it follows from the proof of Theorem 4.5 of [3] that Ψ : T → T ′
given by Ψ
(∑
g∈G βg(ϕ(s))
)
=
∑
g∈G β
′
g(φ(s)) is an A-linear algebra isomorphism such
that Ψ ◦ βg = β
′
g ◦Ψ, for all g ∈ G, and Ψ(1S) = 1S′ . 
16 D. BAGIO, A. CAN˜AS, V. MARI´N, A. PAQUES, AND H. PINEDO
Example 4.4. Let G = 〈g : g4 = 1〉 be the cyclic group of order 4. Consider an
algebra R and T := Re1 ⊕ Re2 ⊕ Re3 ⊕ Re4, where {ei}1≤i≤4 is a set of orthogonal
idempotents whose sum is 1T . The group G acts on T by βgi(ej) = ej−i (mod 4). Let
e = e1 + e2 + e3 ∈ T , S = Te and αG be the induced partial action of G on S, i. e.
αG = (Sg, αg)g∈G with Sgi = S ∩ βgi(S) and αgi = βgi |Sg4−i . By Example 6.1 of [4],
(S, αG) is a partial αG-extension of R. Notice that (T, βG) is G-isomorphic to (T, βG)
but
(
(T, βG), (T, βG)
)
is not G-isomorphic to
(
(T, βG), (S, αG)
)
.
5. The commutative inverse semigroup Tpar(G,R)
From now on, G will denote a finite abelian group. Given a commutative k-algebra
R, Tpar(G,R) denotes the set of equivalence classes of partial abelian αG-extensions of
R, that is, the elements of Tpar(G,R) are the classes ⌊S, αG⌋, where (S, αG) is a partial
action of G on S, R = SαG and R ⊂ S is a partial abelian αG-extension. In this
section we define an operation on Tpar(G,R) which turns it into a commutative inverse
semigroup. First we recall from [6] the classical construction of the Harrison group.
5.1. The Harrison group. Let A be a commutative k-algebra and T(G,A) the set of
the equivalence classes of G-isomorphic abelian extensions of A. Given a Galois extension
(B, βG) of A (which means that βG is a global action of G on B, A ≃ B
βG and A ⊂ B is
an abelian βG-extension), we will denote its corresponding equivalence class by [B, βG].
It was shown in [6] that T(G,A) is an abelian group and now we recall this construction.
Given [B, βG] , [B
′, β′G] ∈ T(G,A), the tensor product B ⊗A B
′ is an abelian βG×G-
extension of A. By Theorem 2.2 of [2], (B⊗AB
′)δG is an abelian βG≃(G×G)/δG-extension
of A, where δG = {(g, g−1) : g ∈ G}. The group G acts on (B ⊗A B
′)δG via the group
homomorphism γG : G→ Aut
(
(B ⊗A B
′)δG
)
given by
(18) γg
( l∑
i=1
bi ⊗ b
′
i
)
=
l∑
i=1
βg(bi)⊗ b
′
i =
l∑
i=1
bi ⊗ β
′
g(b
′
i), bi ∈ B, b
′
i ∈ B
′.
Consequently
(19) [B, βG] ∗
[
B′, β′G
]
=
[
(B ⊗A B
′)δG, γ(G×G)/δG
]
defines an associative and commutative operation on T(G,A). The identity element of
T(G,A) is the class [EG(A), ρG] which is defined in the following way. Consider symbols
{eg}g∈G and the free A-module EG(A) = ⊕g∈GAeg with basis {eg}g∈G. The product on
EG(A) is defined by (aeg)(a
′eh) = δg,h(aa
′)eg, for all a, a
′ ∈ A and g, h ∈ G. Then EG(A)
is a k-algebra with unity 1EG(A) =
∑
g∈G eg. The action ρG of G on EG(A) is given by
ρg(aeh) = aegh, for all a ∈ A and g, h ∈ G. The inverse of [B, βG] is the equivalence
class
[
B, β−1G
]
, where the action β−1G of G on B is defined by β
−1
g (b) := βg−1(b), for all
g ∈ G and b ∈ B.
The group T(G,A) is called Harrison group and its study reduces to the case G cyclic;
see [6] for more details.
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5.2. The construction of Tpar(G,R). We recall that a semigroup I is regular if for
each x ∈ I, there exists x∗ ∈ I such that xx∗x = x and x∗xx∗ = x∗. A regular semigroup
I is said an inverse semigroup if the idempotents of I commute with each other. Then,
commutative regular semigroups are inverse semigroups. It is known that a semigroup
I is inverse if and only if for each x ∈ I there exists a unique x∗ ∈ I such that xx∗x = x
and x∗xx∗ = x∗. The element x∗ is called the inverse of x. The set of idempotents of I is
E(I) = {x∗x : x ∈ I}. The set E(I) admits a partial order via: e ≤ f if ef = e, where
e, f ∈ E(I). It is well-known that E(I) is a meet semilattice with respect to the partial
order ≤. We suggest [7] and [8] for more details on regular and inverse semigroups.
In order to construct a commutative inverse semigroup, denote by Tpar(G,R) the set
of all equivalence class ⌊S, αG⌋, where (S, αG) is a partial action of G on S, R ≃ S
αG
and R ⊂ S is a partial abelian αG-extension. Consider ⌊S, αG⌋, ⌊S
′, α′G⌋ ∈ Tpar(G,R).
By Proposition 2.9 of [5], S ⊗ S′ is a partial abelian αG×G-extension of R ⊗ R ≃ R,
where αG×G := αG ⊗ α
′
G. We define on Tpar(G,R) the operation ∗par by
⌊S, αG⌋ ∗par ⌊S
′, α′G⌋ = ⌊(S ⊗ S
′)αδG , α(G×G)/δG⌋,(20)
where δG = {(g, g−1) : g ∈ G} and α(G×G)/δG is given by (10) and (11).
Now we will prove the main result of this paper.
Theorem 5.1. (Tpar(G,R), ∗par) is a commutative inverse semigroup.
Proof. Suppose that (S1, αG,1)
par
∼ (S′1, α
′
G,1) and (S2, αG,2)
par
∼ (S′2, α
′
G,2). Then, it is
clear that (S1 ⊗ S2, αG,1 ⊗ αG,2)
par
∼ (S′1 ⊗ S
′
2, α
′
G,1 ⊗ α
′
G,2). Using the implication (iii)
⇒ (ii) of Theorem 4.3 for the subgroup δG of G × G, we conclude that ∗par is well-
defined. Observe that from Theorem 3.1 it follows that TparG,R) is closed under such
a product. It is clear that ∗par is an associative and commutative operation. Thus it is
enough to check that Tpar(G,R) is regular. Let ⌊S, αG⌋ be an element of Tpar(G,R).
Assume that (T, βG) is the globalization of (S, αG) and T
βG = A. Consider the partial
action α∗G = (S
∗
g , α
∗
g)g∈G of G on S defined by S
∗
g := Sg−1 and α
∗
g := αg−1 , for all g ∈ G.
Thus, the global action (T, β−1G ) of G on T given by β
−1
g := βg−1 for each g ∈ G, is the
globalization of (S, α∗G). Since [T, βG] ∗ [T, βG]
−1 = [EG(A), ρG] in T (G,A), it follows
that [T, βG] ∗ [T, β
−1
G ] ∗ [T, βG] = [T, βG].
Denote T ′ := (T ⊗A T )
δG and T ′′ := (T ′ ⊗A T )
δG. Then
(
[T, βG] ∗ [T, β
−1
G ]
)
∗ [T, βG] = [T
′, γ′G] ∗ [T, βG]
= [T ′′, γ′′G]
where γ′G, γ
′′
G are given by (18) and δG = {(g, g
−1) : g ∈ G}. Also, the map
f : T ′′ → T, f
(
(x⊗ y)⊗ z
)
= xyz,
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is a k-algebra homomorphism which is A-linear and f
(
(1S ⊗ 1S)⊗ 1S
)
= 1S . Note that
βg ◦ f = f ◦ γ
′′
g , for all g ∈ G. Indeed, consider t = (t1 ⊗ t2)⊗ t3 ∈ T
′′. Then
γ′′g (t)
(18)
= (t1 ⊗ t2)⊗ βg(t3) = (t1 ⊗ βg−1(βg(t2)))⊗ βg(t3)
(∗)
= (βg(t1)⊗ βg(t2))⊗ βg(t3),
where (∗) follows because t1 ⊗ t2 ∈ T
′. Thus, (βg ◦ f)(t) = (f ◦ γ
′′
g )(t). Since the maps
f, βg, γ
′′
g are A-linear, we conclude that βg ◦ f = f ◦ γ
′′
g . Then, by Proposition 4.2, f is
an isomorphism. By Theorem 3.4, (T ′′, γ′′G) is the globalization of (S
′′, α′′G) where
S′′ = (S′ ⊗ S)α
′′
δG , S′ = (S ⊗ S)α
′
δG , α′′G = α
′
G′ ⊗ αG, α
′
G = αG ⊗ α
∗
G,
and G′ = (G × G)/δG ≃ G. Thus
(
(T ′′, γ′′G), (S
′′, α′′G
)
∼
(
(T, βG), (S, αG)
)
. It follows
from Theorem 4.3 that (S′′, α′′G)
par
∼ (S, αG), that is, ⌊S, αG⌋ ∗par ⌊S, α
∗
G⌋ ∗par ⌊S, αG⌋ =
⌊S, αG⌋. In a similar way one shows that ⌊S, α
∗
G⌋ ∗par ⌊S, αG⌋ ∗par ⌊S, α
∗
G⌋ = ⌊S, α
∗
G⌋.
Consequently ⌊S, α∗G⌋ = ⌊S, αG⌋
∗ and Tpar(G,R) is a regular semigroup. 
In the next example we calculate explicitly an idempotent of S(G,R).
Example 5.2. Let G = 〈g : g4 = 1〉 be the cyclic group of order 4. Consider an algebra
R and S := Re1 ⊕Re2, where e1, e2 are non-zero orthogonal idempotents whose sum is
one. Here we calculate the idempotent of Tpar(G,R) associated to an easy partial action
of G on S. We define the partial action θG of G on S by taking S1 = S, Sg = Re2,
Sg2 = {0}, Sg3 = Re1, and setting θ1 = idS , θg(re1) = re2, θg2 = 0, θg3(re2) = re1,
r ∈ R. Clearly SθG = R. Also, x1 = y1 = e1 and x2 = y2 = e2 are partial Galois
coordinates of S over R. We will calculate the idempotent ⌊S, θG⌋
∗ ∗par ⌊S, θG⌋. Denote
by eij := ei ⊗ ej and ei0 = ei ⊗ 1S . It is straightforward to check that
S˜ := (S ⊗ S)δG = R(e11 + e22)⊕Re12 ⊕Re21,
where θ∗G is the partial action of G on S defined by θ
∗
g = θg−1 , for all g ∈ G. Now we
calculate the idempotents 1(l,1)δG , with l ∈ G. Let hi = g
i−1, 1 ≤ i ≤ 4. By (14),
1(l,1)δG = 1l−1 ⊗ 1S +
4∑
i=2
i−1∏
j=1
(1S ⊗ 1S − 1(lhj)−1 ⊗ 1h−1j
)(1(lhi)−1 ⊗ 1h−1i
).
Consequently
1˜(1,1)δG = 1S ⊗ 1S , 1˜(g,1)δG = e10 + e22, 1˜(g2,1)δG = e12 + e21, 1˜(g3,1)δG = e20 + e11.
It is immediate to verify that
D˜(g,1)δG = R(e11 + e22)⊕Re12, D˜(g2,1)δG = Re12 ⊕Re21,
D˜(g3,1)δG = R(e11 + e22)⊕Re21.
It follows from (15) that ⌊S, θG⌋
∗ ∗par ⌊S, θG⌋ = ⌊S˜, θ˜G⌋, where
θ˜g
(
r(e11 + e22)⊕ se21
)
= r(e11 + e22) + se12,
θ˜g2
(
re12 + se21
)
= se12 + re21, θ˜g3 = θ˜
−1
g , r, s ∈ R.
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5.3. A group isomorphism. Let ϕ : I → J be a homomorphism of semigroups. We
recall from subsection 2.3 of [8] that the kernel of ϕ is the equivalence relation on I
defined by
kerϕ := {(x, y) ∈ I × I : ϕ(x) = ϕ(y)}.
In fact, ρ := kerϕ is a congruence on I. Denote by ρ(a) an equivalence class on S and
by I/ρ the set of all equivalence classes. Thus I/ρ has the following natural structure
of semigroup: ρ(a)ρ(b) = ρ(ab), for all a, b ∈ S. This operation is well-defined because ρ
is a congruence. If ϕ is surjective then I/ρ ≃ J (as semigroups).
Let R be an algebra and ⌊S, αG⌋ ∈ Tpar(G,R). Consider a globalization (T, βG) of
(S, αG). By Theorem 3.3 of [4], T is an abelian βG-extension of T
βG ≃ A, that is,
[T, βG] ∈ T (G,A). Moreover, if (S, αG), (S
′, α′G) are, respectively, partial abelian αG
and α′G-extensions of R and (T, βG), (T
′, β′G) are their respective globalizations, then we
have T βG ≃ (T ′)β
′
G . Hence, we can define the following map
π : Tpar(G,R)→ T(G,A), π
(
⌊S, αG⌋
)
= [T, βG].(21)
By Theorem 4.3, π is well-defined. It is clear that π is a surjective homomorphism of
semigroups. Hence, we have the following result.
Theorem 5.3. Let R be an algebra and ρ = ker π, where π is given by (21). Then
π : Tpar(G,R)/ρ→ T (G,A), π
(
ρ
(
⌊S, αG⌋
))
= [T, βG],
is a group isomorphism.
5.4. Reduction to cyclic groups. As in the classical case, the study of partial Galois
extensions of finite abelian groups reduces to cyclic groups. In fact, let G be a finite
abelian group and assume that G = G1×G2×· · ·×Gn, where G1, G2, . . . , Gn are cyclic
groups. For each 1 ≤ i ≤ n, let (Si, αGi) be a partial action of Gi on Si, R = S
αGi
i and
assume that R ⊂ Si is a partial abelian αGi-extension. Consider S := S1⊗S2⊗ · · · ⊗Sn
and αG := αG1 ⊗ αG2 ⊗ · · · ⊗ αGn . By Proposition 2.9 of [5], (S, αG) is a partial action
and S is a partial abelian αG-extension of R. Thus, we have a semigroup homomorphism
φ :
n∏
i=i
Tpar(Gi, R)→ Tpar(G,R), φ
(
⌊S1, αG1⌋, ⌊S2, αG2⌋, . . . , ⌊Sn, αGn⌋
)
= ⌊S, αG⌋.
To construct the inverse of φ, let (S, αG) be a partial action of G on S, R = S
αG and
assume that R ⊂ S is a partial abelian αG-extension. For each 1 ≤ i ≤ n, we consider
the subgroup Hi = G1 × G2 × · · · ×Gi−1 × {1} × Gi+1 × · · · ×Gn of G. Note that Hi
acts partially on S via restriction. Fix Si := S
αHi and observe that G/Hi ≃ Gi. By
Theorem 3.4, R ⊂ Si is a partial abelian αGi-extension. Thus, the inverse of φ is
ϕ : Tpar(G,R)→
n∏
i=i
Tpar(Gi, R), ϕ
(
⌊S, αG⌋
)
=
(
⌊S1, αG1⌋, ⌊S2, αG2⌋, . . . , ⌊Sn, αGn⌋
)
.
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6. On the structure of Tpar(G,R)
It is well-known that a commutative inverse semigroup is a strong semilattice of abelian
groups; see for instance Corollary IV.2.2 of [7]. Let R be an algebra. By Theorem 5.1,
Tpar(G,R) =
⋃
ξ∈Λ
Tξ(G,R),(22)
with Λ a semillatice isomorphic to the set of idempotents of Tpar(G,R) and Tξ(G,R) a
group, for all ξ ∈ Λ. In order to describe the decomposition of Tpar(G,R) given in (22),
we will investigate the idempotents of Tpar(G,R) in the next subsection.
6.1. Idempotents of Tpar(G,R). We recall that the idempotents of Tpar(G,R) are
given by ⌊S, αG⌋
∗ ∗par ⌊S, αG⌋, with ⌊S, αG⌋ ∈ Tpar(G,R). In order to characterize
this elements we introduce some extra notation. For the unital partial action αG =
(Sg, αg)g∈G of G on S we define:
Sˆ :=
∏
g∈G
Sg, Sˆ(h,l) =
∏
g∈G
Sg1h1l−1g, for all (h, l) ∈ G×G,(23)
γ(h,l)
(
(ag1h−11lg)g∈G
)
=
(
αh(ag1h−1)1hlg
)
g∈G
, for all (ag)g∈G ∈ Sˆ.(24)
As in the previous section, α∗G denotes the partial action of G on S given by α
∗
g = αg−1 ,
for all g ∈ G.
Proposition 6.1. Let αG = (Sg, αg)g∈G be a unital partial action of G on S such that
R = SαG ⊂ S is a partial αG-extension. Then the following statements hold:
(i) The family of pairs γG×G =
(
Sˆ(h,l), γ(h,l)
)
(h,l)∈G×G
given by (23) and (24) is a
unital partial action of G×G on Sˆ.
(ii) The partial action θG×G := α
∗
G ⊗ αG of G × G on S ⊗ S is partially (G × G)-
isomorphic to γ.
Proof. (i) Let (h, l) ∈ G×G and (ag)g∈G ∈ Sˆ. Notice that
γ(h,l)
(
(ag1h−11lg)g∈G
)
=
(
(αh(ag1h−1)1hlg)1h1hg
)
g∈G
t=hlg
=
(
(αh(ag1l−1)1t)1h1l−1t
)
t∈G
,
which implies that γ(h,l) is well-defined. Clearly, γ(h,l) is an algebra isomorphism whose
inverse is γ(h−1,l−1). It is straightforward to check that γ is a partial action.
(ii) Consider ϕ : S ⊗ S → Sˆ defined by ϕ(x ⊗ y) = (xαg(y1g−1))g∈G, for all x, y ∈ S.
By Theorem 4.1 (iv) of [4], ϕ is an algebra isomorphism and it is R-linear. Given
(h, l) ∈ G×G, we have
ϕ(Sh ⊗ Sl−1) =
∏
g∈G
Shαg(Sl−11g−1) =
∏
g∈G
SgShSgl−1 = Sˆ(h,l).
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Also, if x, y ∈ S then
(ϕ ◦ θ(h,l))(x1h−1 ⊗ y1l) = ϕ
(
afh(x1h−1)⊗ αl−1(y1l)
)
=
(
αh(x1h−1)αgl−1(y1g−1l)1g
)
g∈G
(∗)
=
(
αh(x1h−1)αht(y1h−1t−1)1hlt
)
t∈G
=
(
αh(xαt(y1t−1)1lt1h−1)
)
t∈G
,
where (∗) follows by taking t = h−1l−1g. On the other hand
(γ(h,l) ◦ ϕ)(x1h−1 ⊗ y1l) = αˆ(h,l)
(
(x1h−1αg(y1g−1)1gl)g∈G
)
= γ(h,l)
(
(xαg(y1g−1)1h−11gl)g∈G
)
=
(
αh(xαg(y1g−1)1h−11gl)
)
g∈G
.
Thus ϕ ◦ θ(h,l) = γ(h,l) ◦ ϕ in Sh−1 ⊗ Sl, for all l, t ∈ G. Hence θG×G and γG×G are
partially (G×G)-isomorphic. 
Let αG = (Sg, αg)g∈G be a partial action of G on S and (Sˆ, γG×G) the partial action
given by (23) and (24). Denote by E(S, αG) :=
(
Sˆ
)γδG the subalgebra of invariants of Sˆ
under γδG. As in the previous sections, γ˜G is the partial action of G ≃ (G ×G)/δG on
E(S, αG). In the next proposition we will prove that the classes ⌊E(S, αG), γ˜G⌋, where
⌊S, αG⌋ ∈ Tpar(G,R), are the idempotents of Tpar(G,R) and they will be characterized.
Proposition 6.2. Let R be an algebra. The idempotents of Tpar(G,R) are the classes
⌊E(S, αG), γ˜G⌋, where ⌊(S, αG)⌋ ∈ Tpar(G,R). Moreover, if G = {1 = g1, g2, · · · , gm}
and αG = (Sg, αg)g∈G then
E(S, αG) =
{
(ag)g∈G ∈ Sˆ : αh(ag1h−1)1g = ag1h1hg, for all h ∈ G
}
,
γ˜h((ag)g∈G) = (ag1hg)g∈G +
m∑
i=2
i−1∏
j=1
(1g − 1hgj1gjg)g∈G(ag1gi1gig1hg)g∈G,
for all h ∈ G and (ag)g∈G ∈ E(S, αG)1˜(h−1,1)δG, where 1˜(h−1,1)δG is given by (14).
Proof. By Proposition 6.1, (S⊗S, θG×G) and (Sˆ, γG×G) are partially G×G-isomorphic.
Hence, Theorem 4.3 implies that ((S⊗S)θδG , θG×G/δG) and (E(S, αG), γ˜G) are partially
G-isomorphic. Thus, ⌊E(S, αG), γ˜G⌋ = ⌊(S ⊗ S)
θδG , θG×G/δG⌋ = ⌊S, αG⌋
∗ ∗par ⌊S, αG⌋
are the idempotents of Tpar(G,R). Notice that (ag)g∈G ∈ E(S, αG) if and only if
(
ag1h1hg
)
g∈G
= γ(h,h−1)
(
(ag1h−11h−1g)g∈G
) (24)
=
(
αh(ag1h−1)1g
)
g∈G
, for all h ∈ G.
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By (23), Sˆ(h,l) = Sˆ1ˆ(h,l), where 1ˆ(h,l) = (1g1h1l−1g)g∈G for all h, l ∈ G. Consider
a = (ag)g∈G ∈ E(S, α)1˜(h−1 ,1)δG. By (15) and (24), we have
γ˜h(a) = γ(1,h)(a1ˆ(1,h−1)) +
m∑
i=2
i−1∏
j=1
((1g)g∈G − 1ˆ(gj ,hg−1j )
)γ(gi,hg−1i )
(a1ˆ(g−1i ,h−1gi)
)
= (ag1hg)g∈G +
m∑
i=2
i−1∏
j=1
((1g)g∈G − (1gj1h−1gjg)g∈G)(αgi(ag1g−1i
)1hg)g∈G)
= (ag1hg)g∈G +
m∑
i=2
i−1∏
j=1
((1g)g∈G − (1hgj1gjg)g∈G)(ag1gi1gig1hg)g∈G
= (ag1hg)g∈G +
m∑
i=2
i−1∏
j=1
(1g − 1hgj1gjg)g∈G(ag1gi1gig1hg)g∈G.

In order to simplify the notation, denote by I(S, αG) the idempotent ⌊E(S, αG), γ˜⌋ of
Tpar(G,R) associated to ⌊S, αG⌋. By Proposition 6.2 and (22) we have that
Tpar(G,R) =
⋃
I(S,αG)
TI(S,αG)(G,R).
Observe that TI(S,αG)(G,R) is a group with identity element I(S, αG). Moreover
⌊S′, α′I(S,αG)⌋ ∈ TI(S,α)(G,R) ⇐⇒ I(S
′, α′G) = I(S, αG).
Proposition 6.3. Let ⌊S, αG⌋, ⌊S
′, α′G⌋ ∈ Tpar(G,R). Then ⌊S
′, α′G⌋ ∈ TI(S,αG)(G,R)
if and only if there exist an algebra homomorphism f : I(S, αG) → I(S
′, α′G) which is
R-linear and such that f((1g)g∈G) = (1
′
g)g∈G.
Proof. Suppose that f : I(S, αG)→ I(S
′, α′G) is an algebra homomorphism R-linear such
that f((1g)g∈G) = (1
′
g)g∈G. Then, (14) implies that f(1˜(1,g)δG) = 1˜
′
(1,g)δG and whence
f
(
I(S, αG)1˜(1,g)δG
)
⊆ I(S′, α′G)1˜
′
(1,g)δG, for all g ∈ G. It is immediate from Proposition
6.2 that f satisfies the other condition of (16) and consequently the result follows from
Proposition 4.2. The converse is immediate. 
In the next result we present sufficient conditions for E(S, αG) to be a (global) αG-
extension of R.
Proposition 6.4. Let (S, αG) be a unital partial action of G on S. If annR(1g) = 0
for all g ∈ G, then E(S, αG) is a (global) αG-extension of R. In this case, we have that
⌊S, αG⌋ ∈ TI(EG(R),ρG)(G,R).
Proof. For each g ∈ G, consider the surjective algebra homomorphism πg : Sˆ → Sg,
given by πg
(
(ag)
)
= ag. Denote by Eg(S, αG) := πg
(
E(S, αG)
)
. Since E(S, αG) is a
partial αG-extension of R, it follows from Theorem 4.1 of [4] that E(S, αG) is a finitely
generated projective R-module. It is clear that Eg(S, αG) is a finitely generated R-
module. Also, from E(S, αG) =
∏
g∈GEg(S, αG) it follows that Eg(S, αG) is a projective
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R-module. Note that the map ιg : R→ Eg(S, αG), defined by ιg(r) = r1g for all r ∈ R,
is a monomorphism of algebras. Thus, rankR℘ Eg(S, αG)℘ ≥ 1, for any prime ideal ℘ of
R. Hence
|G| ≤
∑
g∈G
rankR℘ Eg(S, αG)℘ = rankR℘ E(S, αG)℘.
By Corollary 4.6 of [4], rankR℘ E(S, αG)℘ ≤ |G| and whence rankR℘ E(S, αG)℘ = |G|,
for any prime ideal ℘ of R. Using Corollary 4.6 of [4] again, we conclude that E(S, αG)
is a global αG-extension of R. The last assertion of the proposition is obvious. 
Remark 6.5. Let [EG(R), ρG] be the identity element of T(G,R) given in subsection
5.1. It is clear that T(G,R) is a subgroup of TI(EG(R),ρG)(G,R). In general, it is not
true that T(G,R) = TI(EG(R),ρG)(G,R). In fact, let (S, αG) be the partial action of
G = C4 on S = Re1 ⊕ Re2 ⊕ Re3 given in Example 3.9. It is immediate to check that
S is a partial αG-extension of R and annR(1g) = 0, for all g ∈ G. By Proposition 6.4,
⌊S, αG⌋ ∈ TI(EG(R),ρG)(G,R). However, ⌊S, αG⌋ /∈ T(G,R) because (S, αG) is not global.
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